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; 1. Introduction 

In this paper we investigate how germs of real functions can change under de- 
formation. In particular we look at deformations of germs of isolated singularities 
from R n to R fc (n > k) and the relation with there natural stratification in some 
tame categorie (algebraic, analytic, semi- algebraic, subanalytic, o-minimal strauc- 
ture polynomially bounded). The word tame in this paper will refer to one of these 
categories. 

We say that two germs are topologically equivalent / : (R n , 0) —> (R fc , 0) and 
g : (R n , 0) — » (R fc , 0) are topologically equivalents if there exists a germ of homeo- 
morphism h : (R™, 0) — > R n , 0) such that g o h = f the topological type of a germ is 
^ . its right equivalence class. 

■^J- ! A family of germs is the germ at {0} x R p of some function F : (R™ x R P ,R P x 

CS; (0})^(R fc ,0). 

We shall usually denote a family of germs by f t : (R n , 0) -> (R fc , 0), t G R p , where 
f t (x) = F(x,t). 

A stratification of a set, e.g. an algebraic variety, is roughly speaking, a partition 
of it into smooth manifolds so that these manifolds fit together with respect to some 
regularity condition. 

We are interested in regularity condition that insure topological triviality, which 
in consequence implies the constancy of the topological type.e 

Stratification theory was introduced by R.Thom and H. Whitney for algebraic 
and analytic sets. 

(see |GMj and [PW] for some examples of applications of stratification theory). 
We consider in the paper the classical Whitney's conditions: 

Definition 1.1. Let X, Y be disjoint manifolds in R m ; and let y G Y D X . A triple 
(X,Y,y) is called (a) (resp. (b))- regular if 

(a) when a sequence {x n } C X tends to y and T Xn X tends in the Grassmanian 
bundle to a subspace r y o/R m , then T y Y C r y ; 

(b) when sequences {x n } C X and {y n } C Y each tends to y, the unit vector 



(y n -x n ) 
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tends to a vector v, and T r X tends to r„, then v G r„ 

\y n -x„\ > x n y> y 
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X is called (a) (resp. (6) )- regular over Y if each triple (X, Y, y) is {a) (resp. (b) )- 
regular. 

Definition 1.2. A stratification of a subset V in W 11 is a disjoint decomposition 
V = \_\ ieJ Vi, Vi fl Vj = for i ^ j into smooth submanifolds {Vi} ie i, called 
strata, is called an (a) (resp. {b)) -regular stratification if 

1. each point has a neighborhood intersecting only finitely many strata; 

2. the frontier Vj \ Vj of each stratum Vj is a union of other strata UieJ(t) 

3. any triple (Vj,Vi,x) such that x G Vi C Vj is {a) (resp. {b))-regular. 

Theorem 1.3. For any tame set V in W 71 there is an a(resp. b)-regular stratifica- 
tion. 

For the proof of this theorem i.e. the existence of stratifications, in various tame 
categories, see jWh], HE], (EE), (EG], [BCR] . [DM] . 

For a family of germs of isolated singularities F : (R n x W, {0} x W) — > (R, 0), 
we associate the canonical stratification of M. n x MP given by the partition 



{W n xl p - F _1 (0), F _1 (0) - {0} x W p , {0} x W} 

We shall denote by tc the projection on the second factor, V = F _1 (0), Y = 
{0} x RP , X = V - Y and X t = {x E R n \F(x, t) = 0}. 

Since X t has an isolated singularity at (0, t) i.e. the critical set of the restriction 
of 7r to V is Y. 

Then X is a smooth manifold , and for each point (x, t) e X, we have 

n <9i^ p BF 

T (x , t) X = { (it, u) G C" x C| ^ Ml — (x, v iW.( x > f) = 0} = (MF)± • 



i=i ' jf=i J 

9F 8F dF\ j T? — ( dF 8F 



we use the following notation dF = (J^, . . . , |f , %), d x F = (§-,..., j^L) 
and ||4F|| 2 = E^llfll 2 - 

For the canonical stratification associated to a family of germs of isolated singu- 
larities, to be (a) ( resp. (b)) regular, can be made more practical by the following 
form: 

Definition 1.4. We say that F is Whitney regular at if its canonical stratification 
is Whitney regular and this is equivalent to the following conditions are satisfied: 
condition (a) : 

lim n , ^/ 777 I = for each 1 < j < p. 

i : ^\\\d x F(x,t)\\ 1 ~ J - P 

condition (b'): 
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[\\x\\\\d x F(x,t)\\ 

Remark 1.5. (1) It is known that condition a + b' is equivalent to condition b. 
(see HE1, [Mi!; 

(2) A Whitney regular family of function germs is topologically trivial, then the 
topological type is constant in such family, (see |Th] . |Ma] ) 

2. Uniform radius and vanishing folds 

A family of germs is said to have no coalessing of critical points (in the sens of 
H.King [KJ) if there exists a neighbourhood U of {0} x W in M. n x M. p , such that the 
restriction of ft to U H (lR n — {0} x {t}) has no critical point (i.e. submersion) for 
each t eW. 

For example the family ft(x) = x 3 — 3tx 2 has a coalesing, and /o is topologically 
equivalent to the identity, but for t ^ 0, f t has a maximum or a minimum at and 
then fails to be topologically equivalent to the identity. 

For a germ of isolated singularity / : (lR n , 0) — > (M., 0) we denote by fi(ft) = 
dim a/ °" a/ hs the Milnor number. 

^ dx± dx n ' 

We say that a family of isolated singularities is /i-constant family if fi(ft) = A*(/o) 
for each t G MP. 

Remark 2.1. For complex analytic germs no coalescing of critical points is equiv- 
alent to the family is ^-constant. 

Definition 2.2. Let f : (M n ,0) — > (R, 0) be a tame germ with isolated singularity. 
Let p : (M n , 0) — > M + be a germ of a tame submersion such that p _1 (0) = {0}. 

The p-Milnor radius of f,p(f), is the smallest critical value of the restriction of 
p to the smooth variety f~ l {0) — {0} i.e. 

p(f) = mf{p(x)\x G / _1 (0) — {0} and d x f = Xd x p, for some A G M}. 
If there are no critical values then p(f) = oo. 

To extend this notion to tame maps / : (M™, 0) — > (M. k , 0) we use the following 
notation. 

Definition 2.3. Let f : (M™, 0) -> (M fc , 0) be a tame germ with isolated singularity. 
Let p : (M™, 0) — > M + be a germ of a tame submersion such that p _1 (0) = {0}. 

The p-Milnor radius of f , p(f), is the smallest critical value of the restriction of 
p to the smooth variety / _1 (0) — {0} i.e. 

p(f) = mf{p(x)\x G /-^O) - {0} and ^ 

l<h<...<i m +i<n 

If there are no critical values then p(f) = oo. 




D{h, • • • , fk, p) 
D[xi 17 . . . , Xi m+1 ) 



(x) 



0}. 



4 Uniform radius 

Definition 2.4 (uniform Milnor radius). Let {ft}, t G M p be a family of germs at 
{0} of isolated singularity. 

We say that {ft} has uniform p-Milnor radius if there is an e > such that 
P(ft) > e for all t G R p . 

We call such function p a control function. 

We say that a point p G / _1 (0) is a p-Kink ( or simply a Kink) of / _1 (0) if p is 
non singular point of / and if p is a critical point of p restricted to the manifold of 
smooth points of / _1 (0). (see |OJ) 

Remark 2.5. For k = 1, 

an easy computation shows that a nonsingular p G / _1 (0) is a kink if and only if 
df(p) = ^d x p(p) for some A in R — {0}. 

We suppose that for every t G M p , ft{0) = and is an isolated critical point of 

ft- 

Let 7 : [0,e] — > M. n x [0, 1] be a real analytic path 7(5) = (x(s),t(s)) such that: 

1) 7 (0) = (0,0) 

2) \x(s)\ > and \t(s)\ > for all < s < e, and 

3) f(x(s),t(s)) = for all < s < e. 

Definition 2.6. The path 7 will be called a p-vanishing fold of f (centered at ) 
if x(s) is a p-kink o// t 7 s )(0) for every s G (0, e]. 

Proposition 2.7. {ft} has a p-uniform radius if and only if it has no p-vanishing 
fold in U(eo) = {x G K n : p(x) < e } for some eo > 0. 

Remark 2.8. In the analytic complex case we have the following theorem which 
relies the jump of Milnor number with the existence of vanishing folds. 
We obtain a generalisation of \0\: 

Theorem 2.9. X = C. 

Let F : (C n x C, {0} X C) — > (C, 0) a family of germs of isolated singularities and 
X t = {/i ^(O)} th e corresponding family of hyper surf aces. Let p t = H be the Milnor 
number of f t at the origine and suppose that p t = p is constant for < t < 1 and 
fj, < p ■ 

Then, the family admits a vanishing fold centered at 0. 

Remark 2.10. It is not difficult, to see that any family of isolated singularity of 
quasihomogeneous functions can not have a vanishing fold with p = Y^=i \ x i\ 2 - i- e - 
has p-Milnor uniforme radius. 
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In fact, if {f t } is quasihomogeneous family of type (wi, . . . ,w n ; D), the "Euler 
formula" gives: 



WiXi— = D.f t . 
i=i OXi 

And now if f has a kink at p = (x, t) then there exists A G M* such that 

d x f{p) = ^d x p(p) i.e. |J = \xi 

Since p G ^e Euler formula gives 



A Wj|xj| 2 = 



i=i 

which implies p G {0} x R p then it's not in the smooth part. 

We can also show that it has uniform p-milnor radius, for p a quasihomogeneous 

2 — 

control function with respect to the system of weights, for example: Y^=i \ x i\ Wi ■ 

Remark 2.11. Having a uniform p-Milnor radius for some "control function" p 
doesn't for a family of germs is in general weaker than whitney regular. 

For example, take the Briangon-speder family F(x, y, z, t) = z 5 + ty 6 z + y 7 x + x 15 , 
its a family quasihomogeneous polynomials of type (1, 2, 3; 15) 

The Milnor number is given for an isolated singularity quasihomogeneous f of 
type (wi, . . . , w n ; D) by the formula: 

m _ {D-w 1 ){D-w 2 )...{D-w n ) 

W!.W 2 . ...W n 

which gives in our case fi(ft) = 364. 

The family f t is p,-constant but for a generic hyperplan H in IR 3 7 its equation can 
be written z = ax + by with a,b G K. — {0} ; and so the restriction family g t = f t \n 
is the family of polynomials gt(x, y) = x 5 + txy 6 + y 7 (ax + by) + (ax + by) 15 

Then, for t ^ 0, g t is semiquasihomogeneous with leading term x h + txy 6 is of 
type (3, 2 : 15). Using the fact that fi(gt) = /i(x 5 + txy 6 ) we obtains 

fi(H n Y t ) = 26. 

But fort = 0, go(x, y) = x 5 +y 7 (ax + by) + (ax+by) 15 = x b + by 8 + (axy 7 + (ax +by) 15 ) 
is semiquasihomogeneous with leading term x 5 + by 8 is of type (8, 5 : 40) then: 

fi(H n Y ) = 28. 

Since the Milnor number jumps, this family has p-vanishing fold. 
In fact the family of curves we obtain by the intersection with a generic hyperplan 
must have a vanishing folds. 



6 



Uniform radius 



In the complex, Briangon and Speder show that this family is not Whitney regular 
( using the fact that whitney regular family must have constant milnor numbers after 
intersection by generic hyperplan ). 

3. Vanishing folds and Whitney condition 
Let F an analytic function from 1" x 1 to R, in an neighbourhood of 

F : R n x W, ->■ R, 
(x,t) H> F(x,t) 

F(0,t) = 

We denote by ir the projection on the second factor, V = F _1 (0), Y = {0} x R 
and X t = {x e R n /F(x, t) = 0}. 

We suppose X t has an isolated singularity at (0,t) i.e. the critical set of the 
restriction of 7r to V is Y. 

Then X = V — Y is an analytic complex manifold of dimension n, and for each 
point (x, i) G X we have 

" f)p p F)p 

T {Xtt) X = {(u,v) 6l"x W/^Ui—frt) +J2 u W-fo( x > t ) = °> = ( RdF )" L • 

where dF = . . . , f )Td x F = (f£, . 

Let ^ be the set of analytic applications germs from R n x R p , to f " x R p , of 
the following type : 

$(y,T) = (*(y,T),\(T)) = (x,t), 

where ^ for small r is a germ of automorphisms of (R n , 0) (i.e. det (jjfj an d 
^(O.r)-O). 

We suppose given F : R n x MP, — > R, is an analytic deformation of / = /o such 
that F(0,t) = g = ... = g = 0, X = F~\0), X t = ff^O) and Y = {0} x R. 

The following theorem says that Whitney regularity is equivalent to the stability 
of the uniform p-M ilnor property with respect to families of linear change of variable 
in x. 

Theorem 3.1. Let F be a ^-constant deformation. The following conditions are 
equivalent 

(i) F is Whitney regular 

(ii) V<E> G G, F o $ has no vanishing fold. 

Proof: (i) (ii) 

We have seen that, if a deformation is Whitney regular then it's has no vanishing 
folds. We have then only to show that if F is Whitney then so is F o $ for all $ e Q. 

By definition F o $(y,r) = F(fy(y, r), A(r)); this suggest to do it in the two 
following steps: 



K.Bekka 7 

Firstly, for A = Id^p, $i(y,r) = (^(y, r), r), is then an analytic diffeomorphism 
of R n+P , since Whitney's conditions are invariant by diffeomorphism (see [Ma]), if 
F is Whitney regular, so is F o $ 1; where r) = (^(y, r), r). 

Secondly, if F is Whitney regular, then so is F o $ 2 , where § 2 (y, T ) = (2/>-M r )) 
and A : M p , ->• R p , 0. 

In fact, the condition 6' is trivially satisfied since it does not make use of the 
partial derivative relatively to the parameter. 

To check, the (a) condition, we compute — -(y, A(t)) = m (r)— — (y, A(r)), 

■> m=l ■> m 

since F satisfy (a) condition, we have 

„'.',i™"v V *»(»• T >» / it, ^ I Kf r)|| j 

Now (1) and (2) implies that for any $ G F o $ is Whitney regular, then it has 
no vanishing folds. 

(ii) =► (i) 

Firstly, since F is a //-constant deformation in a neighborhood of 0, its satisfy the 
(a) regularity condition ( in fact we have more, //-constant implie "good stratifica- 
tion" in the sens of Thorn, see |LS] . |BS] . JT]). 

Let us suppose that h fails, which in turn implies b' fails, since a holds. 

L ^ A(z, r) = gg^g^ where r) G X - Y. 

Then there exists a real analytic curve 7 : [0,e] —> X, 7(5) = (x(s),t(s)) and 
5 > such that: 

1) 7 (0) = (0,0) 

2) /(z(s), t(s)) = for all < s < e, and 

3) lim a _>oA(z(s),T(s)) = Z^0 

Let us dnote par u the valuation of Cr^ associated to 7. 

We will use the following notations: 

df df 
viz) = inf Zi for z G W\ v(—) = inf — ). 

l<i<n OX l<i<n OXi 

In this conditions, if we denote v(z) = p and i>(§^) = 9, we can suppose (change 
the order of variables if needed) that v(zi) = p. 

Since, A o 7(5) has a non zero limit when s tends to 0, we may conclude that 

v{< z, t) >= v(z) + v(%L(z, r))=p + q 

Let us now denotes 7(5) = (pi(s), • • • ,Pn(s), A(s)), 

|£ o 7 ( s ) = (gi(s), . . . , g n (s) and u(< z,j£> 07(a)) = u(s). 
Let us now define 

$ : R" x E, -)• R n x E, by: $( yi , . . . , y n , r) = r), A(r)) 
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with *(y, r) = ( yi - P±h, y 2 + Bz yi -ELh,...,y n + % Vl - ^h) 
where h = q 2 y 2 + qm + ■■■ + q n y n - 
We may first check that, $ G Q : 

1) $ is analytic. 

We use for this the valuation along 7. 

Hjy^l, then for yj + g-j/i -^h ,we have by hypothesis v(^-yi) > u(pi) - 
u(pi) > and = ufo) + - v(u) > (p + q) - (p + q) = 0. 

If j — 1 for t/i — — /i, we have v(—h) = v(pi) +v(h) —v(u) = (p + q) — (p + q) = 0. 

2) vl/((). T ) - 

3) The jacobian of \l/ is invertible in a neighborhood of 0. 

For this we compute the determinant of this Jacobian and show it equals 1. 
Let r) = y x - and $,(y, r) = Vj + g yi - for 2 < j < n. 

Then §^ = 1 and Vj > 2, 
a % u « j • 

\/i > 2, = 1 - a ft and |5i = 



(3.1) det(^-(y,r; 



P2 
Pi 



Pi 



Pl„ 
P2 , 



.a . 



.£L 



1 " £?r. 



If we denotes by Cj the jth row, and applied the transformation Cj = Cj + ^f-Ci 
for j — 1 • • - m 
we see that 



(3.2) 



det ^(y,r; 



1 

P2 J 
Pi 



Pn Q 
Pi 





1 



'•• 
1 
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We can now conclude that <3> G Q. 

Moreover, by construction we have $(pi(r), . . . , 0, r) = 7(7-) 
The computation gives us 

Sg£(pi(r), . . . , 0, r) = E; =1 g(7(r))^(pi(r), . . . , 0, r) 



^(r)^(pi(r),0...,0,r) 

j=i y % 



Qi(r)qi(r)pi(r) + ^ ^ _ MrMr)^ + y> 



u 



Qj{r)qi{r)pj{r) 



u 

<li{T) 



( 

V\(j)<1\(t) +p q 

V 



II, 



\ 



{r)qi{r) + ^p j {r)q j {T) 



/ 



.u + gj(r) = 0. 



Ifi = l, / = <Zi(t) + £>(t 



Pi(r) u 



i=2 



Pi IT J Pi 

Then, we obtain that ^fOiO), . . . , 0, r) = A(pi(r), 0, . . ., 0) with A 
this means that Fo$ has a vanishing fold. 



bil 2 



Remark 3.2. In t/ws proof we can replace Q by the set 

Q l = {$ = A) : W n x R, ->■ R n x M, suc/t that *(., r) G G/(M n )} 



A consequence of this theorem is, an example of //-constant deformation with a 
vanishing fold gives an example of non Whitney regular //-constant deformation. 



3.1. Example. The Briangon and Speder example has vanishing folds (see |BS] |Trj ) 

From the theorem, Whitney faults is detected by vanishing folds. So to find a 
vanishing fold, it suffises to find an arc along which the Whitney regularity fails. 

Let F(x, y, z, t) = z 5 + ty 6 z + y 7 x + x 15 , then F is quasihomogenous /1— constant 
family of type (3, 2, 1; 15). Then as we saw, the canonical stratification is (a) regular. 
= y 7 + 15a; 14 
ihi -= 6ty 5 + 7y 6 
= 5z 4 + ty 6 

We shall construct an explicit analytic path 7(5) = (x(s),y(s), z(s),t(s)) con- 

\\x\\\\grad X F(x'y'z't)\ 

do not tends to when (x, y, z, t) tends to along 7(3). 
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Let's take it of the following form 



X 


00 


= As 5 


V 




= as 5 


z 




= s s 


t{ 




5 „2 

- a 6* 



with a^O. 

We must have F(-y(s)) = (1 - ^a 6 + Aa 7 + A 15 s 35 )s 40 = i.e. 
G(X,s) = -4 + Xa 7 + A 15 s 35 

Since |jv(A, 0) = a 7 7^ 0, by the implicit function theorem A is a smooth function 
of s. 

Then we have along 7(5) nears s = : 

8F 

dx 



( 9F- y 7 + I5x 14 = a 7 s 35 + 15A 15 s 70 ~ aV 5 



g = 6ty 5 + 7y 6 =(^ + 7a 6 A) s 35 

§f = 5,? 4 + fy 6 = 5s 32 - £a 6 s 32 = 
The limit of orthogonal secant vectors is (1 : a : 0) and the limit of normal 

actors ( gggf^ ) is (a 7 : ^ + 7a* : CI). 

Then A(7(s)) tends to if and only if 8a 7 — 30 = 0. We can clearly choose a/0 
such that 8a 7 — 30 7^ 0, this means that Whitney condition fails along this curve. 

Now the construction of the family analytique automorphisms in the proof gives 
a "control function" p such that the family {ft(x, y, z) = z 5 + ty 6 z + y 7 x + x 15 }, has 
a p-vanishing fold i.e. its p-Milnor radius is not uniform. 

The control function is obtained by composing the standard disytnace function 
l x | 2 + M 2 + \ z \ 2 by the family of automorphisms obtained this way. 

It may be interesting to establish an analogue of theorem 13 .11 for the condition C 
(see [B]) and the relation with uniform radii. 

4. TAME MAPPINGS 

In this section we establish a version of Theorem 13.11 for family of germs of tame 
mappings (i.e. in the o-minimal category ). We will assume the reader familiar with 
the basic facts about o-minimal structure. The standard references are L. Van den 
Driess [Dj, L. Van den Driess and C. Miller [DM] and M. Coste [C]. 

Let us first recall the definition of an o-minimal structure extending the field 

Definition 4.1. Let S = U ne ^S n , where for each n e N , S n is a family of subsets 
ofR n . 

We say that the collection S is an o-minimal structure on (R, +, .) if: 
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1) each S n is a boolean algebra 

2) if A e S n and B G S m , then A x B G S n+m 

3) let A G S n+m and tt : IR n+m — > R n 6e the projection on the first n coordinates, 
then tt(A) G S n . 

4) all algebraic subsets ofR n are in S n 

5) the elements of Si are the finite unions of points and intervals. 

A subset A of R n which belongs to S n is called a definable set in S. A map 
f : A — y R m is definable in S if its graph is a definable subset of R n x R m in S, if 
in addition, it is C k for some k G N, we call it a C k definable map in S. 

We call a tame map map definable in some o-minimal structure. 

Let S be an o-minimal structure on (R, +, .). We recall from |DM] the following 
notation: 

Notation: Let p be a natural number. Let $^ denote the set of all odd, strictly 
mcreasme; bijections : R -> R C p definable in S and p-flat at (that is (Z) (O) = 
for I = 0, . . . ,p). 

We quote also from this paper the following lemma (Lemma C.7. page 523): 

Lemma 4.2. Let f : A x R* — > R be a definable function in S, A C R n . Then, 
for any p G N, there exists <fi G $^ such that lim^o cj)(t)f(x, t) = for each x G A. 

A C k version of this lemma is given in the following: 

Lemma 4.3. Let f : U x R* — > R be a C k definable function in S, and let U be an 



open subset ofR n . Then, for any peN, there exists G $5 such that the function 

U{t)f(x,t) ift^O, 
[0 ift = 0. 



g(x,t) 



is a C k definable function. 

Proof. Let h : U x R* — > R denote any function from the collection of partial 
derivatives: 

{Df x qf ; a = (ai, ...,a n , a n+1 ) G N n+1 and \a\ < k} 

By Lemma |4.2[ there exists 9 G $5 such that lim^o 9(t)h(x, t) = for each 
x G U. Then <ft := Q 2k+1 satisfies the needs. □ 

Definition 4.4. A structure S on the field (M, +, .) is polynomially bounded if for 
any function f : K — > R definable in S , there exists N G N such that 

\f{t)\<t N 

for all sufficiently large t. 
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Lemma 4.5. If S is polynomially bounded, then for any G $5, there exists rfeN 
and rea/ number e > sncn £/ia£: 

|0(t)|>^ 

/or any i G (— e, e) . 

Proof. We take 9(s) := ^TTy where s = j. Since 6 1 is definable in a polynomially 

bounded structure, there exists d G N and M G N such that |0(s)| < s ' for |s| > M. 
Therefore \(f>(t)\ > t d for any t G (— e, e) with e = -p. □ 

Definition 4.6. ^4 tame map is a map definable in some polynomially bounded 
o-minimal structure. 

Using the lemmas above, we can show the following theorem which is a tame 
version of the main result. 

Theorem 4.7. Given a tame family of isolated singularities germs 
F : (W x W l ,W x {0}) ->■ (M fe ,0). We suppose the family F is a ^-constant defor- 
mation of fo = f . Then the following conditions are equivalent 

(i) F is whitney regular. 

(ii) V$ G Q, F o $ has no vanishing fold. 

References 

[B] Bckka, K. (c)-regularite et triviality topologique, Singularity theory and its applications, 
Warwick 1989, Part I (D.Mond and J.Montaldi, eds.), Lectures Notes in Math. 1462, 
pp.42-62, (Springer,1991). 

[BK] Bekka, K., Koike, S. The Kuo condition, Thorn's type inequality and (c)-regularity 
Topology 37 (1998), no. 1, 45-62. 

[BT] Bckka, K., Trotman, D. Weakly Whitney stratified sets. Real and complex singulari- 
ties (Proceedings, Sao Carlos 1998, edited by J. W. Bruce and F. Tari), Chapman and 
Hall/CRC, (2000) 1-15. 

[BS] Briangon, J., Speder, J. -P., La triviality topologique n'implique pas les conditions de Whit- 
ney. C. R. Acad. Sci. Paris Ser. A-B 280 (1975). 

[BCR] Bochnak,J. Costc, M. Roy, M.-F.; Geometrie algebrique reelle. Ergebnisse der Mathcmatik 
und ihrer Grenzgebeite, 1987. Springer- Verlag, Berlin. 

[GM] Goresky, M. MacPherson, R.; Stratified Morse Theory, Springer, 1987; 

[BM1] E. Bierstone and P.D. Milman, Uniformization of analytic spaces, Journal of Amer. Math. 
Soc. 2 (1989), 801-836. 

[BM2] Bierstone, E. Milman, P.D. A simple constructive proof of canonical resolution of singular- 
ities, Effective Methods in Algebraic Geometry, Progress in Math. 94, Birkhauser, 1991, 
pp. 11-30. 

[C] M. Coste, An introduction to o-minimal geometry, Instituti editoriali e poligrafici inter- 
nazionali, Pisa 2000. 

(http : / /name .math.univ-rennesl . f r/michel . coste/polyens/OMIN .pdf ) 

[CRS] M. Coste, J. M. Ruiz and M. Shiota, Global problems on Nash functions, Rev. Mat. Com- 
plut. 17 (2004), 83-115. 



K.Bekka 



13 



[D] L. Van den Dries, Tame topology and o-minimal structures, London Math. Soc. Lecture 

Notes series 248, Cambridge University Press, 1998. 
[DM] L. Van den Dries and C. Miller, Geometric categories and o-minimal structures, Duke 

Math. J., 84 (1996), 497-540 
[F] T. Fukui, Introduction to toric modifications with an application to real singularities, RIMS 

Kokyuroku 1122 (2000), 96-114. 
[FKS] T. Fukui, S. Koike and M. Shiota, Modified Nash triviality of a family of zero-sets of real 

polynomial mappings, Ann. Inst. Fourier 48 (1998), 1395-1440. 
[Hi] Hironaka, H.; Number Theory, Algebraic Geometry and Commutative Algebra, Volume in 

Honor of Y. Akizuki, Kinokunia, Tokyo, 1973; 
[Ki] H.King Topological type in families of germs, Invent. Math. 62 (1980), 1-13. 
[K] S. Koike, Nash trivial simultaneous resolution for a family of zero-sets of Nash mappings, 

Math. Zeitschrift 234 (2000), 313- 338. 
[Ku] Kuo, T.-C; The ratio test for analytic Whitney stratifications, Lecture Notes, No. 192, 

pp.141-149; 

[LT] Le, D.T. Teissier, B., Cycles evanescents, sections planes et conditions de Whitney. 

II., Singularities, Part 2 (Areata, Calif., 1981), 65-103, Proc. Sympos. Pure Math., 40, 

Amer. Math. Soc, Providence, RI, 1983. 
[LS] Le, D.T , Saito, K., La Constance du nombre dc Milnor donne des bonnes stratifications. 

C. R. Acad. Sci. Paris Ser. A-B 277 (1973). 
[Lo] Lojasiewicz, S.; Ensemble Semi-Analytiques, IHES Lecture Notes, 1965; 
[Ma] Mather, J.; Notes on Topological Stability, Lecture Notes, Harvard University, 1970; 
[Mi] Milnor, J., Singularities of Complex Hypersurfaces, Ann. of Math. Studies, no. 61, 1968. 
[O] O'Shea, D., Vanishing folds in families of singularities. Singularities, Part 2 (Areata, Calif., 

1981), 293-303, Proc. Sympos. Pure Math., 40, Amer. Math. Soc, Providence, RI, 1983. 
[PW] du Plessis, A. Wall. T.; The Geometry of Topological Stability, Oxford, 1995; 
[S] M. Shiota, Geometry of Subanalytic and Semi-algebraic Sets, Progress in Math. 150, 

Birkhauser, Boston, 1997. 
[T] Teissier, B., Cycles evanescents, sections planes ct conditions de Whitney. Singularites a 

Cargese, pp. 285-362. Asterisque, Nos. 7 et 8, Soc. Math. France, Paris, 1973. 
[Th] Thorn, R.; Propriete Diffcrcnticlle Locales des Ensembles Analytiqucs, Seminaire Bourbaki, 

1964/65, exp. 281; 

[Tr] Trotman, D., Whitney stratifications : faults and detectors, These (Orsay). 

[Wa] Wall, T.; Regular Stratifications, Lecture Notes in Mathematics, No. 468, pp. 332-344; 

[Wh] Whitney, H.; Tangents to an Analytic Variety, Ann. of Math. 81 (1965), pp. 496-549. 



